Abstract-Analysis and design of multielement antenna systems in mobile fading channels require a model for the space-time cross correlation among the links of the underlying multiple-input multiple-output (MIMO) channel. In this paper, we propose a general space-time cross-correlation function for mobile frequency nonselective Rice fading MIMO channels, in which various parameters of interest such as the angle spreads at the base station and the user, the distance between the base station and the user, mean directions of the signal arrivals, array configurations, and Doppler spread are all taken into account. The new space-time cross-correlation function includes all the relevant parameters of the MIMO fading channel in a clean compact form, suitable for both mathematical analysis and numerical calculations/simulations. It also covers many known correlation models as special cases. We demonstrate the utility of the new space-time correlation model by clarifying the limitations of a widely accepted correlation model for MIMO fading channels. As another application, we quantify the impact of nonisotropic scattering around the user, on the capacity of a MIMO fading channel.
I. INTRODUCTION

I
N RECENT years the application of antenna arrays for wireless cellular systems has received much attention, as they improve the coverage and quality of such systems by combating interference and fading. It has also been shown that by exploiting antenna arrays at both the transmitters and receivers, the capacity of wireless channels can be increased significantly [1] , [2] . An antenna array can be defined as a spatio-temporal filter, which takes advantage of both time-domain and space-domain signal characteristics. The need for efficient joint use of time-domain and space-domain data using multielement antenna systems has generated new paradigms such as space-time coding [3] and space-time signal processing techniques. Needless to say, new space-time channel models have to be developed as well. Since the second-order statistics of the channel characterize the basic structure of stochastic wireless fading channels, we need a spatio-temporal cross-correlation function, that Manuscript received February 1, 2001 ; revised September 29, 2001 . This work was supported in part by the National Science Foundation under the Wireless Initiative Program, Grant 9979443. This paper was presented at IEEE International Conference Acoustics, Speech, and Signal Processing, Salt Lake City, Utah, 2001 .
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enables us to study the basic impact of the random multipath fading channel on the performance of space-time solutions, implemented by multielement antenna systems. According to the wireless connection scheme between a base station (BS) and a user in macrocells, depicted in Fig. 1 , the BS, which is not surrounded by many local scatterers, receives the signal primarily from a particular direction through a narrow beamwidth. On the other hand, the local scatterers around the user may give rise to different modes of signal propagation toward the user. In the general scenario of nonisotropic scattering, which corresponds to directional signal reception, the user receives the signal only from particular directions (see Fig. 2 ). The special case of isotropic scattering is shown in Fig. 3 , where the user receives signals from all directions with equal probabilities. The isotropic scattering model, also known as the Clarke's model, corresponds to the uniform distribution for the angle of arrival (AOA). However, empirical measurements [4] , [5] have shown that the AOA distribution of waves impinging the user is more likely to be nonuniform. The nonuniform distribution of the AOA can significantly affect the performance of array based techniques, as the AOA statistics determine the cross correlation among the array elements. Examples regarding the noticeable impact of the AOA characteristics on the asymptotic efficiency of decision-directed and decorrelating multiuser-multichannel array detectors with imperfect channel estimates, and the bit error rate of a maximal ratio array combiner are discussed in [6] .
The application of von Mises angular distribution for the nonuniform AOA was first proposed in [8] , where the temporal correlation function for a single antenna receiver was derived and successfully fitted to measured data, as an extension of the Clarke's classic model. The temporal correlation model of [8] has been generalized to a spatio-temporal model [6] , [7] suitable for a multielement antenna receiver. The specific mathematical form of the von Mises distribution has resulted in an easy-to-use and closed-form expression for the space-time correlation function in [6] and [7] , which has also shown good fit to the published correlation data in the literature [6] .
In what follows, we derive a closed-form, easy-to-use, and mathematically tractable expression for the space-time cross correlation between the links of a frequency nonselective multiple-input multiple-output (MIMO) Rice wireless fading channel with multielement transmit and receive antennas, where nonisotropic scattering around the user is modeled by the von Mises distribution. The effect of the mobility of the user (the Doppler spread) is also considered, which is particularly useful as the next generation of cellular system are expected to work for very high speed users at high data rates. As we will see later, the proposed model includes many known correlation functions as special cases.
There are numerous applications of the proposed correlation model in multielement antenna systems with space-time modems, such as the joint selection of antenna spacing and interleaving depth [9] , channel interpolation using the Wiener filter [10] , calculation of capacity [11] - [19] , optimum combining to suppress the interferers, and combat the fading of the desired user [20] , and so forth. In this paper, we use the new correlation model to study the capacity of the MIMO frequency nonselective Rice channel, where the fixed user experiences nonisotropic scattering. Our numerical results shed more light on the maximum achievable data rates in multielement antenna systems, where the user receives signal from particular directions. This capacity case study also demonstrates the key role of the proposed correlation model in quantifying the effect of propagation channel characteristics on the ultimate limits of communications using array-based systems.
II. THE MIMO FREQUENCY NONSELECTIVE RICE CHANNEL
Consider the multielement antenna system configuration shown in Fig. 1 , first proposed in [11] , where the BS and the user have and omnidirectional antenna elements, respectively. Obviously, in Fig. 1 , we have uniform linear arrays with (a 2 2 MIMO channel), which constitutes the basic structure of multielement antenna systems with arbitrary array configurations. Our convention for numbering the antenna elements is such that and . The BS receives the signal through the narrow beamwidth , while the user receives the signal from a large number of surrounding local scatterers, impinging the user from different directions. We assume that the waves are planar and only single scattering occurs. The th scatterer is represented by , is the distance between the BS and the user, and is the radius of the ring of scatterers. Clearly, , , and are related through . We also assume that a line-of-sight (LOS), which is not considered in [11] , may exist between any pair of BS-user antenna elements, as shown in Fig. 4 . The LOS paths are not shown on Fig. 1 , to keep the figure easier to read. Notice that for a particular pair of the BS-user antenna elements, a strong specular component may appear in place of the LOS component. However, since the geometrical representation of a specular component is not as straightforward as a LOS component, which is easily depicted in Fig. 4 by a straight line between any pair of BS-user antenna elements, we have excluded specular components from our model.
Let us consider the downlink with no transmit beamforming. Let represent the complex envelope of the signal transmitted from the th BS array element and the complex envelope of the signal received by the th user's array element. For the frequency nonselective communication link between the element and the element , the complex lowpass equivalent channel response appears as a multiplicative factor. Note that such a link comprises of many paths that can be drawn from to through the ring of local scatterers enclosing the user, as well as the LOS path. Based on the vector notations and , with as the transpose operator, the input-output equation for the frequency nonselective MIMO fading channel can be written as (1) where is the channel matrix complex envelope such that , and stands for the complex envelope of the additive white Gaussian noise (AWGN) with zero mean vector and the diagonal covariance matrix, i.e., , where is the noise power at each receiver, is the real identity matrix, and denotes the transpose conjugate operator. The dependence of on time is a result of user mobility (Doppler effect). This implies that we have taken into account the effect of channel time selectivity. Needless to say, the space selectivity of the channel is also considered through the realistic assumption of nonisotropic scattering and nonuniform distribution of AOA [21] .
In the channel model depicted in Figs. 1 and 4, the ring of scatterers is assumed to be fixed (independent of time), and the motion of the user is characterized by its speed and the direction of the motion . These assumptions are necessary for obtaining a stationary space-time correlation function. The same assumptions can be found, for example, in [22] and [23, Section 2.1] for the temporal correlation model, and in [9] and [24] for the spatio-temporal correlation model. Clearly, depending on the user's speed, the spatio-temporal correlation function derived in the sequel will be accurate only over a time duration that is much smaller than . Moving scatterers further complicate the modeling problem. The reader is referred to [25] and [26] , where some theoretical and simulation results are presented regarding the impact of a rotating ring of scatterers, surrounding a single-antenna user, on the BS array correlation.
For a unit transmit power, suppose the power transferred through the -link is , i.e., . Based on Figs. 1 and 4, the channel gain can be represented by . The plane waves emitted from the array element travel over paths with different lengths and after being scattered by the local scatterers around the mobile user, impinge the array element from different directions. Mathematical representation of this propagation mechanism results in the following expressions for the diffuse and the LOS components, identified by the superscripts DIF and LOS, respectively (2)
As becomes clear soon, is random process, while is deterministic. In the above formulas, is the Rice factor of the -link, defined as the ratio of the LOS component power to the diffuse component power, i.e., . Moreover, is the number of independent scatterers around the user, represents the amplitude of the wave scattered by the th scatterer toward the user such that as .
denotes the phase shift introduced by the th scatterer, and are the distances shown in Fig. 1 , which are functions of , the AOA of the wave traveling from the th scatterer toward the user, is the wavelength, , is the maximum Doppler shift, and finally, and denote the length and the direction of the LOS path between and in Fig. 4 , respectively. The set consists of independent positive random variables with finite variances, independent of . It is reasonable to assume that are independent and identically distributed (iid) random variables with uniform distributions over . [24] , [27] - [31] , the angle spread at the BS is generally small for macrocells in urban, suburban, and rural areas, most often less than 15 , and in some cases very small, less than 5 . These empirical observations justify the simple but useful approximate results for and , derived in the sequel. However, for those cases where is not small, more complex but exact results are given as well.
A. Cross-Correlation Function of the Diffuse Component
Based on the statistical properties of and , discussed in Section II, the space-time cross correlation between and , according to (2) , can be written as
According to (4), the total diffuse power of the link , scattered by all the scatterers toward the user's th element is given by also obvious from (2) . For large , the small contribution of the th scatterer, out of the total , is proportional to . This is equal to the infinitesimal power coming from the differential angle with probability , i.e., (see [22, p. 23] ), where is the pdf of the AOA seen by the user. Therefore, (4) can be written in the following integral form (5) where is the length of the path between the antenna element and the point on the ring of scatterers, determined by , and so on. For the special case of , , and , (5) simplifies to (5) in [11] . For a given , (5) needs to be calculated numerically, according to the following relations derived based on the application of the law of cosines in appropriate triangles (6) where the interpretations of and are clear from their counterparts and in Fig. 1 , respectively. For a given , and can be determined according the following equations, derived through the application of the law of sines in the triangle (7) However, the appropriate assumption of for many practical cases of interest, which also implies that is small, simplifies the equations drastically. We use the approximate relations , , and , when is small. To begin with, the first equation in (7) yields , as and are small. Consequently, the equations in (6) can be written as (8) Substitution of (8) into (5) yields (9) The approximate cross-correlation expression given in (9) holds for any angular PDF . Here we employ the von Mises PDF [8] ( 10) where is the zeroth-order modified Bessel function, accounts for the mean direction of AOA seen by the user, and controls the width of AOA [8] . For (isotropic scattering) we have , while for (extremely nonisotropic scattering) the von Mises PDF becomes a Dirac delta function, concentrated at . For the empirical justifications of the von Mises PDF for the AOA around a single antenna receiver in urban and suburban areas, the reader may refer to [8] . Several applications are also discussed in [32] and [33] , that show how the von Mises PDF results in simple mathematically tractable formulas for the AOArelated channel parameters, which significantly facilitate system analysis and design.
To simplify the notation, we define , , and
. By inserting (10) into (9) , and calculating the integral, exactly, according to [34, eq. 3 .338-4, p. 357] (11) we obtain the following key result after some algebraic manipulations (12) The proposed space-time cross-correlation function for the diffuse component, valid for small , includes all the relevant parameters of the MIMO frequency nonselective fading channel with multielement antennas in a compact form, suitable for both mathematical analysis and numerical calculations/simulations. The compact form of (12) provides computational advantages over the simulation-based correlation models such as the one in [35] , as they may require a large number of simulation runs to realize the statistical characteristics of the channel. In what follows and for , we show how most of the existing correlation models can be identified as special cases of our generic MIMO model in (12) .
The simplest special case of (12) is Clarke's temporal correlation model [22] , obtained for (single transmit-receive antennas) and (isotropic scattering around the user), where is the zeroth-order Bessel function. For the case of nonisotropic scattering around the user, , with , (12) reduces to the temporal correlation model in (2) of [8] ,
. Remarkably, this correlation model has shown very good fit to the measured data [8] .
When the BS has a single antenna, while the user is equipped with a uniform linear array, two models can be identified in the literature. The simpler model is the Lee's spatio-temporal model [36] , where the user experiences isotropic scattering. Lee's result can be obtained by substituting , , and into (12), which yields (see [36, 
eqs. (42)-(43)], with changed to
). The second spatio-temporal model is the extension of Lee's result, when we have nonisotropic scattering around the user, i.e.,
. In this case, (12) simplifies to the equation at the bottom of the page, originally given in [6, eq. (3)], with replaced by . On the other hand, when the BS has a uniform linear array and the user has a single antenna, the simplest case could be the spatial model in (7) of [37] , , obtained by substituting , , and into (12) . Notice that in this model, the stationary user experiences isotropic scattering. By allowing , this model can be extended to the spatio-temporal model of [9] , which can be written as . This equation can be derived from (3) of [9] , when is small.
In addition to macrocells, the assumption in Fig. 1 holds for some microcells, with the same small range of values for the angle spread seen by the BS [29] , [38] . Hence, (12) can be used for such microcells as well. For those microcells where the local scattering around the BS is not negligible [39] , Fig. 1 and, consequently, (12) should be modified.
The reader might have noted that as a result of the particular setting in Fig. 1 , the AOA at the BS is a function of the AOA seen by the user, given in the first equation of (7). Hence, the distribution of determines the distribution of . However, in order to study the spatial correlation among the elements of a BS antenna array, irrespective of the effect of local scattering around the user, several distributions have been proposed for the distribution of AOA at the BS: power of cosine [24] , Gaussian [31] , truncated uniform [20] , and von Mises distributions [6] , [7] . For a comparison between these four distributions, we refer the readers to [6] and [39] . Geometrically based models for the distribution of AOA are discussed in [40] .
B. Cross-Correlation Function of the LOS Component
The space-time cross correlation between and , according to (3), can be written as (13) Based on the reasonable assumption of in Fig. 4 , we obtain which in turn simplifies (13) to (14) Application of the law of cosines in the triangles and yields (15) where (16) Since and , we simplify (15) using the approximate relation (17) in which we have also used the fact that . Substitution of (17) into (14) results in (18) IV. SEPARATE VERSUS JOINT CORRELATION MODELING Based on the two key results derived in the Section III, (12) and (18), the space-time cross-correlation function of the frequency nonselective Rice MIMO channel is given by the summation of these two equations. This cross-correlation function includes all the parameters of the BS and the user's arrays, as well as the distance between the BS and the user and the radius of the ring of scatterers around the user, in a joint fashion. However, either for mathematical convenience [11] - [14] , [16] , [19] , or to have a simple simulation model with parameters taken from measurements [17] , [41] , it is common to model the cross correlation among the elements of the BS and the user's arrays, separately. The cross correlation among the MIMO channel links is then defined to be [19] ( 19) where and are arbitrary antenna indices of the user's and the BS arrays, respectively. Note that (19) does not depend on the indices and , i.e., is the cross correlation between the th and the th elements of the BS array, independent of the user's element index . Likewise, is the cross correlation between the th and the th elements of the user's array, independent of the BS element index . In other words, the contributions of all the BS antennas to the correlation between the user's antennas are the same, and vice versa (this presumption also holds for our model in (12) and (18)). In the sequel, we show that the commonly-used product model in (19) can be highly inaccurate in comparison with our model and for many cases of practical interest.
To better understand the motivation behind the definition in (19) , let us define the correlation matrices of the BS and the user's arrays and , where , , and and are two arbitrary integers defined above. We also define as an vector, constructed by stacking the columns of , the channel matrix. If , where is an vector, corresponding to the th BS antenna element, with the common correlation matrix . Then . Based on these definitions, (19) implies that the correlation matrix of can be written as [11] ( 20) where is the Kronecker product. For two arbitrary matrices and , this product is defined as [42] . . . . . . . . .
Equation (20) The particular definition of the correlation matrix of in (20), adopted in [11] - [14] , [16] , [17] , [19] , [41] , and also in the statistics literature on matrix variate distributions [42] , [43] , provides us with mathematical convenience and compact notation. However, care should be taken in using (20) , as it imposes the particular product form of (19) on the correlation between any two links which originate from different BS antennas and terminate at different user's antennas. The validity of (19) for such links has been studied in [19] using the wire,ess system engineering (WiSE) ray-tracing software simulator. Specifically, for a 2 2 channel with , they have observed agreement between and , over the range of antenna spacings that they considered. Now we use the new cross-correlation model in (12) and (18), to study the assumption made in (19) . For , , and , let , , (parallel arrays), and . Then, based on (12) and (18), we obtain (22) (23) (24) As expected, . Assuming and dB, and the relative difference between and , i.e., , are plotted in Figs. 5 and 6, versus and , for and , respectively. Note that the angle spread for the user in Fig. 5 is [8] , around the mean AOA of 180 , while the user in Fig. 6 receives signals from all directions uniformly.
As both Figs. 5 and 6 show, the relative difference between and is significant over a wide range of antenna spacings. For the nonisotropic scattering scenario of Fig. 5 and at and , we It has been demonstrated in [44] that fading correlation less than 0.5 results in minor reduction in capacity over the uncorrelated case. Therefore, system modeling based on the product model in (19) and (20) may result in a too optimistic characterization of a more realistic description that can be obtained for a practical multiantenna system.
V. CAPACITY AND NONISOTROPIC SCATTERING AROUND THE USER
To demonstrate the utility of the proposed MIMO correlation model, in this section we study the effect of fading correlation on the capacity of MIMO fading channels. Suppose the underlying frequency nonselective fading channel is such that the symbol duration is much smaller than the channel coherence time, [23] . Hence, the channel matrix can be regarded as a random constant matrix over a long data block. Similar to [11] - [14] and [19] , we also assume that is known to the user, but not at the BS, i.e., there is no transmit beamforming. If the total finite transmitted BS power, , is allocated uniformly to all the antennas of the BS array, then the capacity of the MIMO channel in (1), in bits/s/Hz, is given by [1] , [2] ( 25) where is the determinant. Note that the capacity in (25) is a random variable whose distribution depends on the distribution of the random complex matrix . For finite values of and and uncorrelated Rayleigh MIMO fading channel (no correlation among the zero-mean complex Gaussian elements of ), a simple closed form expression is derived in [1] for . Under the same conditions, plots of the distribution function of are generated in [2] , numerically, via Monte Carlo simulation. Some analytic upper and lower bounds on the MIMO capacity, as well as asymptotic results for large number of antennas are derived in [11] , [12] , [16] , and [19] , when the elements of are correlated. The impact of fading correlation on the MIMO capacity are also studied in [11] , [14] , and [16] - [19] via Monte Carlo simulations. Some empirical results and measurements are given in [44] and [45] .
Here, we consider an example which allows us to study the effect of nonisotropic scattering around the user on the capacity, not addressed in the above references. Suppose the elements of the BS array are far apart from each other and the number of the BS antenna elements is large . Let be the transfer matrix of the Rayleigh channel, where is a complex zero-mean Gaussian vector, corresponding to the th BS element, with the common correlation matrix . Note that the columns of are independent vectors as the BS antenna elements are far enough from each other. 1 Under these conditions, the sample correlation matrix of set of independent vector observations , i.e., , converges to (see [46, Th. 3.4.4, p. 81] ). Therefore, the capacity converges to the nonrandom quantity (26) For the special case of uncorrelated user's antennas, , (26) reduces to , already given by (6) of [1] and in Appendix C of [47] . Now, we investigate the effect of nonisotropic scattering around the user, parameterized by and , on the channel capacity in (26) , through numerical examples. Suppose both the BS and the user are equipped with linear uniform arrays such that and , where is large, , and . Since the total length of the BS array is large, we need the distance to be very large, to keep the far field assumption meaningful. This makes very small. Since both arrays are linear, and do not depend on the indices. Assume , so the two arrays are parallel. Under these assumptions and for a Rayleigh channel, , , the spatial cross-correlation function between the MIMO channel links in (12) simplifies to (27) Note that due to the independence of the BS antennas we have for . The temporal version of (27) was first proposed in [8] , along with an extensive comparison with empirical data. In the case of isotropic scattering around the user, , (27) reduces to the Clarke's spatial correlation model [22] . For dB, the signal-to-noise ratio, the capacity in (26) is plotted in Figs. 7 and 8 versus , for different mean direction of arrivals , and , and , respectively. The capacity for the case of uncorrelated user's antennas, , is also plotted in both figures. As is shown in Fig. 7 , the capacity decreases as increases (smaller angle spread around the user). This decrease is dramatic when the waves impinge the user's array from the inline direction, . As the elements spacing increases from in Fig. 7 to in Fig. 8 , the effect of on the capacity becomes less pronounced, as the two channel links become less correlated. 2 So, the capacity for the uncorrelated links can be approximately achieved, as is shown in Fig. 8 . The inline reception, , still suffers from nonisotropic scattering. This advocates the use of other array configurations such as triangular and hexagonal, which are less sensitive to the mean direction of signal arrival, compared to the linear arrays. Similar results regarding the angle spread and the mean direction of arrival at the BS are observed and discussed in [11] .
VI. CONCLUSION
In this paper, we have proposed a flexible and mathematically tractable space-time cross-correlation function for MIMO frequency nonselective mobile Rice fading channels, where both the BS and the user are equipped with multielement antennas. In our model, the BS receives signal through a narrow angle spread, while the nonuniform distribution for the angle of arrival around the user is modeled by the von Mises distribution, which has previously shown to be successful in describing the measured data. The effect of the Doppler spread for the mobile user is also taken into account. The model also accounts for other parameters of interest such as the distance between the BS and the user, the radius of the ring of local scatterers surrounding the user, and the configuration of the antenna arrays (which might be linear, triangular, etc.). The proposed space-time cross-correlation function is general enough to include well-known special cases for SISO, SIMO, and MISO fading channels, such as Lee's spatio-temporal correlation model and Clarke's classic temporal correlation model. We have used the new model to explore the properties of a widely accepted correlation model for MIMO fading channels. The utility of the new space-time correlation model has also been demonstrated by quantifying the effect of nonisotropic scattering around the user (typical of many outdoor channels) on the capacity of a frequency nonselective time-invariant MIMO Rayleigh fading channel, where the user with linear uniform array receives signals only from a particular direction. Our numerical results show that the capacity decreases as the angle spread seen by the user decreases. Such a loss may be compensated by increasing the distance between the user's array elements, or by employing other array configurations. The impact of the grating lobes on the MIMO capacity, generated by increasing the user's array elements spacing beyond half wavelength, is also discussed. The proposed correlation model provides a useful framework for the analysis and design of multielement antenna systems and space-time modems. For example, the effect of correlated fading on the performance of several space-time coding and detection schemes is investigated in [49] using the new MIMO correlation model, and the contributions of physical channel parameters on the performance are easily quantified. 
